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We propose the study of the phase transition in the scalar electroweak theory at finite temperature by a
two - step method. It combines i) dimensional reduction to a 3-dimensional lattice theory via perturbative
blockspin transformation, and ii) either further real space renormalization group transformations, or solution of
gap equations, for the 3d lattice theory. A gap equation can be obtained by using the Peierls inequality to find
the best quadratic approximation to the 3d action. This method avoids the lack of self consistency of the usual
treatments which do not separate infrared and UV-problems by introduction of a lattice cutoff. The effective 3d
lattice action could also be used in computer simulations.
1. Scalar Theory
To introduce our method [1] we consider first
the scalar λΦ4-theory on the continuum ℜ4 of
points z. We define the blockspin, the effective
action, the fluctuation field propagator and the
interpolation operator. To proceed from tem-
perature T = 0 to T > 0, we use that the fi-
nite temperature propagator vT can be obtained
from the zero-temperature propagator v0 by pe-
riodizing in time: vT (r, t) =
∑
n∈Z v0(r, t + nβ).
This reproduces the well known finite tempera-
ture propagator [2] (sum over Matsubara frequen-
cies ωn = 2πn). We generalize the procedure for
the other above mentioned entities.
The continuum is divided into blocks x with
extensions Ls in the space and Lt in the time
direction respectively. The block centers form a
lattice Λ. Following Gawedzki and Kupiainien [3]
we associate a block spin Φ(x) to a scalar field
φ(z) as its block average
Φ(x) = C φ(x) = avz∈x φ(z) .
C is called the averaging operator.
Given the continuum action S [φ], an effective
lattice action Seff [Φ] is defined in Wilson’s way
exp(−Seff [Φ]) =
∫
Dφ δ(Cφ − Φ) exp(−S [φ])
where in place of the δ-function, one may use a
Gaussian following [4].
Given a block spin Φ, one determines a back-
ground field ϕ which minimizes the free action
− 12 (ϕ,∆ϕ) subject to the constraint Cϕ = Φ.
This determines the interpolation kernel AT ,
ϕ(z) =
∫
z∈Λ
AT (z, x)Φ(x), with CAT = 1
Following [3] one splits the field φ into the low fre-
quency part ϕ which is determined by the block
spin Φ, and a high frequency or fluctuation field
ζ which has vanishing block average, Cζ = 0,
and propagator ΓT = PvTP
∗ with high frequency
projector P = 1 − ATC. The block spin Φ has
free propagator uT = CvTC
∗. The effective ac-
tion and its perturbation expansion to all orders
become
Seff [Φ] =
1
2
(
Φ, u−1T Φ
)
+ Veff [Φ] + const. (1)
Veff [Φ] = − ln
(∫
dµΓT (ζ) exp (−VΦ(ζ))
)
=
{
exp(
1
2
δ
δζ
ΓT
δ
δζ
) exp (−VΦ(ζ))
}
ζ=0
(2)
VΦ(ζ) = V (ATΦ+ ζ). (3)
dµΓT is the Gaussian measure with covariance
ΓT . Thus Veff is the free energy of a field theory
with free propagator ΓT and Φ-dependent cou-
pling constants.
2At finite temperature, time is periodic with pe-
riod β. The extension Lt of blocks in time di-
rection must be chosen commensurate with β.
Seff depends on T , but only weakly so as long
as β >> Lt.
A great simplification results if we choose Lt =
β, so that only one block fits in time direction
and the lattice Λ becomes 3-dimensional.
The periodic boundary conditions in time di-
rection are now inherited by the blocks. As a
consequence one finds that uT = β
−1uFT with a
T -independent 3d lattice propagator uFT , so that
the kinetic term in (1) has a factor β, while Veff
has only a weak T -dependence. ΓT (z, z
′) has ex-
ponential decay with decay length of order Ls if
Ls ≥ O(Lt). Therefore the effective action is local
modulo exponential tails. It can be expanded,
Veff (Φ) =
∫
x
{
1
2
m2Φ2 +
λr
4!
Φ4 +
λ6
6!
Φ6
}
+
+
β
2
∫
x
∫
y
Φ (x) u−1FT (x, y)Φ(y)
[
2δ2 + γΦ(x)
2
]
+ ...
where all coefficients are (weakly) T-dependent
and finite.
Treatment of the effective theory
The effective lattice theory can be analysed in
different ways.
1) Further block spin transformations can be
performed to increase Ls and ultimately deter-
mine the constraint effective potential [7] which
determines the probability distribution of the
magnetization.
2) Solve a gap equation [8,9]. Following Feyn-
man and Bogoliubov, one may seek an optimal
quadratic approximation S0 =
1
2 (Φ, JΦ) to Seff
around which to expand. The optimal choice is
that which maximizes the right hand side of the
Peierls inequality [12],
lnZ ≥ lnZ0 − 〈S − S0〉0 .
The optimal J is determined by the extremality
condition 〈
δ2S
δΦ(x)δΦ(y)
〉
0
= J(x, y) .
This procedure leads to gap equations whose per-
turbative solution is the sum of superdaisy dia-
grams. In principle one can compute corrections,
treating S − S0 as a perturbation.
Comparison with other approaches
The preceding formulae are also valid when one
averages only over time to obtain a 3-dimensional
continuum theory [10]. In this case AT = β
−11
while the fluctuation propagator is translation in-
variant and given by
ΓT (r, t) = β
−1
∑
n6=0
∫
d3p
(2π)3
e−ipr−iωnt[ω2n + p
2]−1
The closest singularity of the integrand is at
|p| = ±2πiβ−1. Therefore ΓT decays exponen-
tially with r with decay length β/2π. According
to the perturbation expansion eq.(2) this leads to
nonlocalities in Seff in higher orders. This is a
disaster. In contrast with the lattice case, deriva-
tive expansions of the nonlocal terms are not pos-
sible here because they lead to UV-divergences.
An inconsistency is also encountered in the
standard 4-dimensional approach based on a gap
equation for the continuum theory whose formal
solution is the sum over super daisy diagrams. It
is supposed to determine m2(T ). If static and
nonstatic contributions are treated on the same
footing, one finds a temperature dependent loga-
rithmically divergent contribution to the self en-
ergy Π:
Πvac =
1
16π2
[
Λ2 −m2(T ) ln(
Λ2
m2(T )
)
]
+O(
1
Λ2
)
To cancel the logarithmic UV-divergence a tem-
perature dependent counterterm is needed. This
is not acceptable. Our method avoids this by sep-
arating UV and IR problems.
2. Scalar Electrodynamics
In this section we outline the extension of the
previous sections to scalar electrodynamics. We
recall first the Balaban-Jaffe block spin transfor-
mation for the abelian gauge field [11]
Given a vector potential a(z) = aµ(z)dzµ
on the continuum, the block spin A is defined
through
A [b] = Aµ(x) = av z ∈ x
∫
Cz,µ
dων aν(ω)
3where b is the link emanating from x in µ-
direction, z a point z ∈ x and Cz,µ the straight
path of length one block lattice spacing in µ-
direction starting from z.
If µ = 4 , Cz,µ connects z with z + Lte4, and
if µ 6= 4 it connects z with z + Lseµ (eµ = unit
vector in µ-direction)
The blocking procedure has to be covariant un-
der gauge transformations. Given a Higgs field
φ(z), we wish to define a covariant block Higgs
field Φ(x) . In order to maintain gauge covari-
ance, one must use an averaging kernel which
depends on the gauge field a. Our proposal [5]
is to define the averaging operator for the Higgs
field CH(a) as lowest eigenmode of the covari-
ant Laplacian ∆a with Neumann boundary con-
ditions on the block x :
−∆N,xa C
H†(a | z, x) = ǫ0(a | x)C
H†(a | z, x)
while CH(a | z, x) = 0 for z /∈ x, and CHCH† =
1. ǫ0(a | x) is the lowest eigenvalue of −∆
N,x
a and
CH†(a | z, x) is the adjoint kernel. CH admits a
perturbation expansion [6].
The choice Lt = β leads again to a 3-dimen-
sional lattice. Periodic boundary conditions on
blocks in time direction are again imposed. The
solution of the eigenvalue equation for the aver-
aging kernel CH for the Higgs field will depend
on T . The effective 3-dimensional lattice action
for scalar electrodynamics is
Seff (Φ, A) = − ln
∫
Da
∫
Dφ δAx(a)δ(Ca−A)
δ(CH(a)φ − Φ) e−SM(a)−
1
2
(φ;∆aφ)−V (φ)
where V (φ) =
∫
dz
[
1
2m
2
0(φφ
†) + λ4! (φφ
†)2
]
,
SM (a) is the Maxwell action, and δAx(a) is the
block radial gauge fixing term, which fixes the
gauge only locally within each block [11].
After transformation to a block Landau gauge,
Seff can be computed by perturbation theory as
for the scalar case. The Faddeev Popov transfor-
mation to the block Landau gauge as well as the
interpolation kernel AT and the fluctuation prop-
agator ΓT were discussed in detail by Balaban
and Jaffe [11]. The only new aspect in our situa-
tion is the existence of periodic b.c. on blocks in
time direction.
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